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Abstract
Let (M,F) be a foliated manifold. We study the relationship between the basic
cohomology Hb(M,F) of the foliation and the De Rham cohomology H(DF) of
the space of leaves M/F as a quotient diffeological space. We prove that for an ar-
bitrary foliation there is a morphism H(DF ) → Hb(M,F). It is an isomorphism
when F is a Q-foliation.
1 Introduction
Diffeological spaces were introduced by J.-M. Souriau [6] (and in a slightly different
form by K.-T. Chen [2]), as a generalization of the notion of manifold. Spaces of maps
and quotient spaces naturally fit into this category, and many definitions from differen-
tial geometry can be generalized to this setting. In particular, due to its contravariant
nature, the cohomology groups of a diffeological space can be defined in a canoni-
cal way. For a complete study of the De Rham calculus in diffeological spaces see
P. Iglesias’ book [3].
From the point of view of foliation theory, the most interesting example is the space
of leaves M/F of a foliated manifold, endowed with the quotient diffeology DF . It is
then a natural problem to compare its cohomologyH(DF ) with the basic cohomology
Hb(M,F) of the foliation [5].
In this note we prove that there is an morphismB:H(DF )→ Hb(M,F). Also we
prove that B is an isomorphism when F is a Q-foliation (in the sense of R. Barre [1]).
This class of foliations includes riemannian foliations without holonomy on a compact
manifold; totally geodesic foliations; and foliations having C. Godbillon’s homotopy
extension property [4].
We thank F. Alcalde for several useful remarks.
∗Partially supported by MEC Research Project MTM2004-05082 Spain
1
2 Diffeological spaces
Let X be a set. Each map α:U ⊂ Rn → X defined on an open subset U of some
euclidean space Rn, n ≥ 0, will be called a plot on X . A diffeology of class C∞ on X
is any family D of plots satisfying the following axioms:
1. All constant plots are in D.
2. If α ∈ D is defined on U ⊂ Rn, and h:V ⊂ Rm → U is any C∞ map, then
α ◦ h ∈ D.
3. Suppose that α:U ⊂ Rn → X is a plot and that each t ∈ U has a neighbourhood
V = Vt ⊂ U such that α |V ∈ D. Then α ∈ D.
A set X endowed with a diffeology D is called a diffeological space.
Let (X,D), (Y, E) be diffeological spaces. A map f :X → Y is D-differentiable if
f ◦ α ∈ E for all α ∈ D.
Example 1 (Finite dimensional manifolds) For instance, on a C∞ manifold M we can
define the C∞-diffeology D which consists on all the C∞ plots α:U ⊂ Rn → M ,
n ≥ 0. If M and N are C∞ manifolds endowed with the C∞-diffeology, then a map
f :M → N is D-differentiable if and only if it is a map of class C∞.
Example 2 (Foliations as diffeological spaces) Let (M,F) be a foliated manifold. The
space of leaves M/F (where two points on M are identified iff they are on the same
leaf of F ) can be endowed with the so-called quotient diffeology DF : it is the least
diffeology such that the canonical projection pi:M → M/F is D-diferenciable, when
we consider on M the C∞-diffeology.
Explicitly, a plot α:U ⊂ Rn → M/F belongs to DF iff ∀t ∈ U ∃Vt ⊂ Rn,
neighbourhood of t, such that α |Vt= pi ◦ βt for some C∞-map βt:Vt →M .
3 Cohomology of diffeological spaces
Let (X,D) be a diffeological space. A D-differential form of degree r ≥ 0 on X is
a family ω = {ωα}α∈D indexed by the plots α:U ⊂ Rn → X , α ∈ D, where each
ωα ∈ Ωr(U) is an r-form in the domain U of α. We ask the family ω to be compatible
with the C∞ maps h:V ⊂ Rm → U , in the sense that ωα◦h = h∗ωα.
Let us denote Ωr(D) the space of D-differential r-forms. The exterior differential
d: Ωr(D) → Ωr+1(D) is given by dω = {dωα}α∈D if ω = {ωα}α∈D. It is well
defined. Moreover it verifies d ◦ d = 0. The cohomology of the complex (Ω(D), d)
will be called the De Rham cohomologyH(D) of the diffeological space (X,D).
Let (X,D), (Y, E) be diffeological spaces, f :X → Y a D-differentiable map. The
pull-back f∗: Ωr(E) → Ωr(D) given by (f∗ω)α = ωf◦α, α ∈ D, is well defined.
Moreover f∗(dω) = d(f∗ω), ∀ω ∈ Ω(E), hence f induces a map f∗:H(E) → H(D)
in cohomology.
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Theorem 3.1 Let M be a differentiable manifold of finite dimension m < +∞, en-
dowed with the C∞-diffeology D. The map F : Ω(M) → Ω(D) given by F (ω) =
{α∗ω}α∈D induces an isomorphism HDR(M) ∼= H(D) between the usual De Rham
cohomology of M and the cohomology of the diffeological space (M,D).
Proof: Clearly, the map F is well defined and commutes with the exterior differential.
We define an inverse map G: Ωr(D) → Ωr(M) as follows. Let us choose an atlas
{ϕi:Vi ⊂ M → Ui ⊂ Rm}i∈I on M . If θ ∈ Ωr(D), let G(θ) be the only r-form on
M such that
G(θ) |Vi= (ϕi)
∗θϕ−1
i
, ∀i ∈ I.
We left the reader to check that the form G(θ) is smooth, well defined, and commutes
with the differential.
Finally, let us prove thatF andG are inverse maps. Ifω ∈ Ωr(M), thenG(Fω) |Vi=
ω |Vi , for all i ∈ I . On the other hand, let θ ∈ Ωr(D). If α ∈ D is a plot with domain
U ⊂ Rn, for each t ∈ U we take a chart ϕi:Vi ⊂M → Ui ⊂ Rm such that α(t) ∈ Vi.
Then we have, when restricted to α−1(Vi) ⊂ U , that
F (G(θ))α = α
∗G(θ) = α∗ϕ∗i θϕ−1
i
= (ϕi ◦ α)
∗θϕ−1
i
= θϕ−1
i
◦ϕi◦α
= θα.
4 Basic cohomology of foliations
Let (M,F) be a foliated manifold. A differential formω ∈ Ωr(M) is basic if iXω = 0,
iXdω = 0, for any vector fieldX tangent to the foliation. In other wordsω is horizontal
(it vanishes in the tangent directions) and it is preserved by any tangent flow (the Lie
derivativeLXω = 0). The basic cohomologyHb(M,F) of (M,F) is the cohomology
of the complex Ωb(M,F) of basic forms, endowed with the usual exterior differential
d on M .
Theorem 4.1 There is a morphism H(DF)→ Hb(M,F) between the cohomology of
the leaf space M/F , endowed with the quotient diffeology DF , and the basic coho-
mology of the foliation.
Proof: Accordingly to the proof of Theorem 3.1, we have the morphism B =
G ◦ pi∗: Ω(DF )→ Ω(D) ∼= Ω(M), where pi∗ is induced by the map pi:M →M/F .
We must prove that if θ ∈ Ωr(DF), then B(θ) is a basic form. Take an atlas
{ϕi:Vi ⊂ M → Ui ×Wi ⊂ Rp × Rq}i∈I adapted to the foliation (p = dimF ). For
each i ∈ I , we have the following commutative diagram
Ui ×Wi
ϕ
−1
i→ Vi ⊂ M
p2 ↓ ↓ pii ↓ pi
Wi
ψi
→ Ti
τi→ M/F
where pii:Vi → Ti is a submersion onto a local transverse manifold;ψi:Wi → Ti is the
induced transverse chart; and τi:Ti → M/F is given by τi(x) = pi(x) if pii(x) = x.
Then
B(θ) |Vi= ϕ
∗
i θpi◦ϕ−1
i
= ϕ∗i θτi◦ψi◦p2 = (p2 ◦ ϕi)
∗θτi◦ψi .
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Let X be a vector field tangent to F . For any x ∈M let i ∈ I be such that x ∈ Vi.
Then
(iXB(θ))x(v1, . . . , vr−1) = B(θ)x(Xx, v1, . . . , vr−1)
= ((p2 ◦ ϕi)
∗θτi◦ψi)x(Xx, v1, . . . , vr−1)
= 0,
because (p2 ◦ ϕi)∗x(Xx) = 0. A similar argument shows that iXdB(θ) = 0.
Remark 1 The morphism pi∗: Ω(DF)→ Ω(D) is injective.
5 Q-foliations
A foliation F in the manifold M is called a Q-foliation when it has the following C∞
tubular property [4]: for any manifold X with a given base point x; any pair of maps
β, γ:X → M such that pi ◦ β = pi ◦ γ; and any tangential path µ: I → M such
that µ(0) = β(x), µ(1) = γ(x), there exists a neighbourhood U ⊂ X of x and a
differentiable homotopyH :U × I →M verifying:
• H(y, 0) = β(y), H(y, 1) = γ(y), ∀y ∈ U ;
• H(x, t) = µ(t), ∀t ∈ I;
• for any y ∈ U the path H(y, t) is tangential to F .
Theorem 5.1 Let F be a Q-foliation. Then the De Rham cohomology H(DF ) of the
quotient diffeological space M/F is isomorphic to the basic cohomologyHb(M,F).
Proof: We follow the notation of Theorem 4.1. Let ω ∈ Ωrb(M,F) be a basic r-form.
In order to obtain θ ∈ Ω(DF ) such that B(θ) = ω we have to define θα for any plot
α:U ⊂ Rn → M/F in DF . We know that ∀x ∈ U ∃V ⊂ U and ∃β ∈ D (both
depend on x) such that α |V= pi ◦ β. Then we define
θα |V= θpi◦β = β
∗ω.
Clearly this form is smooth and satisfies the compatibility condition.
Let us prove that it is well defined. Suppose that V ∩ W 6= ∅ and that we take
another lift γ defined on W , that is α |W= pi ◦ γ. Let x ∈ V ∩W . Choose an arbitrary
tangential path µ in M between β(x) and γ(x), and let H :U × I →M be a homotopy
as in the definition of Q-manifold. Then β∗ω = H∗0ω while γ∗ω = H∗1ω, so we just
have to check that the function t 7→ (H∗t ω)x is constant.
We shall prove that its derivative is null at t = 0, the same argument being valid for
any t = t0 ∈ I .
The proof is inspired in the classical definition of Lie derivative [7, page 70]. Let
p = µ(0) ∈M . Let v = µ′(0) ∈ TpM be the vector tangent to the curve µ(t) at t = 0.
Let us denote
Lvω = lim
t→0
1
t
((H∗t ω)x − (H
∗
0ω)x)
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the derivative of the function above. In order to prove that Lvω = 0 we shall proceed
in several steps.
1. If r = 0, that is if ω is a basic function f , then Lvf = (d/dt)|t=0(f ◦Ht)(x) =
f∗p(v) = 0 because the vector v is tangent to the foliation.
2. If ω = df is the differential of a basic function f , let w ∈ Tx(V ∩ W ) be a
tangent vector. It is defined by some curve ξ(s), that is ξ(0) = x and ξ′(0) = w.
Let us define the function F (t, s) = fHtξ(s) = fH(t, ξ(s)). Then
(Lvdf)(w) = (d/dt)|t=0(H
∗
t df)x(w) = (∂
2F/∂t∂s)|(0,0) (1)
because
(dH∗t f)x(w) = (f ◦Ht)∗x(w) = (d/ds)|s=0(fHtξ(s)).
For each s, let vs be the vector tangent to the curveH(ξ(s), t) at t = 0, which is
tangent to the foliation. Then (1) equals (∂2F/∂s∂t)|(0,0), which is zero, because
(∂F/∂t)|(0,s) = (d/dt)|t=0(fHtξ(s)) = f∗H(ξ(s),0)(vs) = 0.
3. For any two forms ω, µ we have Lv(ω∧µ) = Lvω∧ (H∗0 )xµ+(H∗0 )xω∧Lvµ.
In fact
H∗t (ω ∧ µ)−H
∗
0 (ω ∧ µ)
= H∗t ω ∧H
∗
t µ−H
∗
t ω ∧H
∗
0µ+H
∗
t ω ∧H
∗
0µ−H
∗
0ω ∧H
∗
0µ
= H∗t ω ∧ (H
∗
t µ−H
∗
0µ) + (H
∗
t ω −H
∗
0ω) ∧H
∗
0µ.
4. Finally, any basic form can be locally written (by means of an adapted chart
ϕ = (xi, yj)) as a sum of products f(y1, . . . , yq)dyj1 ∧ · · · ∧ dyjr of basic
functions and differentials of basic functions. Hence Lvω = 0.
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